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ABSTRACT

Iterative method selection for efficiently solving sparse linear systems has been a critical and
longstanding challenge in science and engineering. Although image-based selection approaches
showed initial promise, their prominence has been diminished by several fundamental limitations: (a)
the reductionism of the encoding scheme collapsing underlying numerical fidelity, (b) the omission of
the right-hand-side (RHS) vector precluding complete system characterization, and (c) the inductive
bias of convolutions towards local patterns obscuring long-range dependencies. To address these
limitations, we introduce SPECTRA (Systemic Problem Encoding and Contextual TRansformer
Architecture), a novel framework designed to revitalize image-based iterative method selection
through three key innovations: (a) a discriminative expanded-channel encoding scheme faithfully
capturing numerical distributions, (b) the pioneering incorporation of RHS-awareness holistically
representing the problem, and (c) a Diagonally-Enhanced Transformer module globally modeling
dependencies guided by numerical priors. Comprehensive evaluations on the diverse SuiteSparse
dataset demonstrate that SPECTRA establishes a new state-of-the-art. In the conventional fixed-
RHS setting, SPECTRA surpasses leading selection approaches, improving top-1 selection accuracy,
solution success rate, and computational speedup by 2.12%, 0.24%, and 0.46x, respectively. These
gains are substantially amplified in more realistic variable-RHS scenarios, where the corresponding
improvements reach 17.92%, 4.59%, and 2.78x. Notably, SPECTRA also exhibits superior general-
ization across diverse problem domains and system scales, underscoring its robustness and scalability.

1. Introduction

Solving sparse linear systems of the following form is
ubiquitous in numerous scientific and engineering domains,
with crucial applications in fields such as fluid dynamics [1],
structural analysis [2], and electromagnetic simulation [3].

Ax =b. ey

Here, A € RV*N is a sparse coefficient matrix, b € RN
is the right-hand-side (RHS) vector, and x € RN is the
unknown solution vector. Such systems are typically solved
using either direct [4, 5] or iterative methods [6, 7]. The
substantial memory and computational demands of direct
methods limit their applicability, spurring the widespread
adoption of iterative methods [8]. However, iterative meth-
ods exhibit inherently limited robustness, as their perfor-
mance is closely related to the system’s numerical proper-
ties. For a given system, a suitable method may converge
rapidly, whereas an inappropriate choice can lead to slow
convergence or even divergence [9]. Unfortunately, selecting
the optimal iterative method for efficient solution remains a
critical challenge, primarily due to the vast number of avail-
able methods and the frequent deviation of their practical
performance from theoretical analysis, necessitating expert
intuition and empirical evaluation [9-12]. Consequently, a
long-standing objective has been to ease the reliance on
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such heuristics by developing an intelligent decision system
that automates the selection of optimal iterative methods for
efficiently solving sparse linear systems [13—16].

Automated iterative method selection initially employed
machine learning using numerical features [11, 17-23], a
paradigm subsequently surpassed by deep learning due to its
superior representation learning capabilities. Image-based
approaches emerged as a promising initial direction, demon-
strating the potential to learn structural features by encoding
the matrix as an image for Convolutional Neural Networks
(CNNGs) [24, 25]. However, the prominence of this paradigm
was challenged by alternative strategies, such as scalar-
based approaches with fully connected (FC) networks [26]
and graph-based approaches using Graph Neural Networks
(GNNG5) [10], fostering a consensus that the image-based
paradigm alone was insufficient. This consensus spurred the
development of current state-of-the-art (SOTA) multi-modal
approaches like MM [27] and RAF [28] that achieve superior
performance by fusing numerical and structural features,
relegating the once-pioneering image-based paradigm to a
component within more complex frameworks.

However, we contend that this relegation stems not from
an inherent weakness in the image-based approach, but
from critical research gaps in prior implementations. These
gaps span the entire selection pipeline, ranging from feature
extraction (transforming linear systems into structured fea-
tures) to pattern recognition (identifying predictive patterns
for method selection), and are delineated as follows:
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Gap (a): Numerical distortion from matrix encod-
ing. Within feature extraction, conventional image-based
approaches are undermined by the reductionist nature of
their encoding schemes, which collapses the underlying nu-
merical fidelity of the matrix. This flaw stems from a design
that condenses the numerical distribution within a matrix
block into a single scalar average, thereby discarding crucial
information regarding its dynamic range and value distribu-
tion, which leaves numerically distinct blocks indiscernible.
For instance, a block of uniform entries like (33) and
another containing a large outlier such as ( { 117 ) are rendered
indistinguishable, as both are represented by their shared
mean value of 5. This loss of numerical fidelity prevents the
approach from discerning critical differences between dis-
tinct linear systems, on which the optimal selection depends,
and fundamentally limits its achievable performance.

Gap (b): Characterization incompleteness from RHS
omission. Another critical limitation of feature extraction in
prevailing approaches is their omission of the RHS, which
precludes a complete characterization of the linear system.
Relying solely on features derived from the matrix intro-
duces an ill-posed learning problem, as a single matrix can
map to distinct optimal methods depending on the unseen
RHS. For a given non-symmetric matrix, a smooth RHS
may render GMRES the superior choice, whereas an os-
cillatory RHS can make BiCGSTAB more effective. This
blindness to decisive performance factors renders matrix-
only approaches fundamentally incapable of resolving these
trade-offs, thus leading to frequent suboptimal selections.

Gap (c): Long-range obscurity from convolutional
bias. For pattern recognition, standard image-based ap-
proaches are constrained by the inherent inductive bias of
convolutions toward local patterns, which obscures crucial
long-range dependencies. The predisposition on local ker-
nels hinders the efficient perception of the global structures
decisive for method selection. For example, though con-
volutions can recognize the local stencil of a convection-
diffusion matrix, they fail to capture its global advection-
domina ted nature, a critical property that dictates whether
a symmetric method like CG suffices or a non-symmetric
one like GMRES is required. This architectural myopia
regarding the global context ultimately yields selections
lacking the robustness and generalization for diverse and
complex linear systems.

To resolve these limitations in both feature extraction
and pattern recognition, we introduce SPECTRA, a novel
framework illustrated in Fig. 1, to revitalize image-based
iterative method selection through several key contributions:

e We propose a discriminative expanded-channel en-
coding scheme to mitigate the numerical distortion
in conventional RGB image encoding. This scheme
augments the mean-based red channel with two ad-
ditional channels, designated peak and valley, which
respectively encode the maximum and minimum val-
ues within each matrix block. For instance, although
blocks (23) and (] ) share an identical mean,
SPECTRA differentiates them by extracting distinct
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Figure 1: Comparison of SPECTRA with conventional image-
based iterative method selection. (a) Conventional approaches
are limited by reductionist RGB image encoding, matrix-only
characterization, and locality-biased CNNs. (b) SPECTRA
introduces faithful expanded five-channel encoding, holistic
RHS-awareness, and a global Diagonally-Enhanced Trans-
former (DET). (c) SPECTRA establishes SOTA performance,
with its superiority substantially amplified in realistic variable-
RHS scenarios compared to the standard fixed-RHS setting.

peak and valley pairs of (5, 5) and (17, 1), respectively.
Through complementing the mean-based red channel
with peak and valley channels, this expanded scheme
captures the numerical distribution faithfully, thereby
ensuring more fine-grained selections.

e To the best of our knowledge, we pioneer incor-
porating RHS-awareness to address the character-
ization incompleteness of prior approaches. RHS-
awareness is realized by encoding the RHS into a five-
channel image analogous to the matrix, thereby uni-
fying both feature sets for joint analysis. For a given
non-symmetric matrix, SPECTRA informs the trade-
off between methods like GMRES and BiCGSTAB by
distinguishing the visual patterns of a gentle, gradient-
like image of a smooth RHS from the sharp, periodic
texture of an oscillatory one. Through leveraging
previously inaccessible RHS information, this RHS-
awareness represents the problem holistically, thus
enabling more system-aware selections.

e We introduce a Diagonally-Enhanced Transformer
(DET) module to overcome the long-range obscurity
in standard image-based pattern recognition. DET
captures global structures via self-attention, while
integrating crucial numerical priors by reinforcing
the significance of the matrix diagonal. Leveraging
explicit diagonal tokens to guide its self-attention,
SPECTRA discerns the global advection-dominated
nature of a convection-diffusion system, determining
the selection between CG and GMRES. Through syn-
thesizing self-attention with numerical priors, DET
models dependencies globally, in turn leading to more
structurally-informed selections.
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e Comprehensive evaluations on the diverse SuiteS-
parse dataset [29] substantiate SPECTRA’s superior
performance, demonstrating that it not only revitalizes
the image-based iterative method selection but also
establishes a new SOTA. In the conventional fixed-
RHS setting, SPECTRA significantly outperforms
the standard image-based approach, improving top-1
selection accuracy by 6.73%, solution success rate by
2.01%, and computational speedup by 1.05X. These
performance gains are dramatically magnified in the
more challenging and realistic variable-RHS scenar-
ios, where the corresponding improvements reach
18.7%, 4.81%, and 2.97X, respectively. Remarkably,
SPECTRA exhibits superior generalization across di-
verse problem domains and out-of-distribution system
scales, underscoring its robustness and scalability.

2. Preliminaries and motivations

2.1. Iterative methods for sparse linear systems

Iterative methods solve sparse linear systems by starting
with an initial guess and progressively refining the solution
until a termination criterion (e.g., achieving a desired tol-
erance or exceeding a maximum number of iterations) is
met [9]. In practice, these methods are typically accelerated
through preconditioning, which transforms the original sys-
tem into a better-conditioned, equivalent form [6, 7]:

M~ 'Ax = M~ 'p, )

where M is the preconditioner. Algorithm 1 outlines the gen-
eral framework for such preconditioned iterative methods,
highlighting two distinct yet synergistic components:

e Preconditioner (Line 5) generates the preconditioned
residual z from the linear system Mz = r.

e Solver (Line 6) computes the solution update Ax from
the preconditioned residual z.

The landscape of available solvers and preconditioners is
vast, with a variety of common options illustrated in Table 1.

The performance of an iterative method hinges on the
chosen solver-preconditioner pair, whose effectiveness is
so highly problem-dependent that no single combination is
universally superior [9]. This inherent lack of robustness
necessitates selecting a suitable pair to achieve efficient
solution, a process that presents a formidable challenge.
The combinatorial complexity and theoretical unreliability
collectively create a pressing need for automated selection.

Automated iterative method selection has conventionally
focused on matrix properties, such as dimension [26], trace
[11], and sparsity pattern [24, 25]. However, the role of the
RHS is equally critical yet overlooked [6, 7]. For Krylov
solvers, the RHS fundamentally shapes the search space,
as the solution is constructed within the Krylov subspace
KM~ 1A, M0 = span{ M~10, (M~ A)(M~119), ...,
(M~ A1 (M~1/9)}, which is defined by the initial resid-
ual 0 = b — Ax® [30-35]. This sensitivity also extends to

Algorithm 1: General framework of precondi-
tioned iterative methods for sparse linear systems
with a relative residual stopping criterion.

Require: Matrix A € RV*N RHS b € RV, initial
guess x9 e RN, preconditioner M,
relative tolerance 7 > 0, maximum
number of iterations .S € N.

Ensure : Approximate solution x to Ax = b.

1 > Compute initial residual
2 10— p— AxO;

3 > Main iteration loop

4 for s < 1to S do

5 Solve residual z&~D via M z6~D = 6=,
6 | Compute correction Ax® using z(~D;

7 > Update solution

8 x® — x6=D 4 Ax);

9 > Update residual

10 | 9« b— AXY,

11 > Check convergence

12 if ||[F® ||, < 7||r ||, then

13 L return x©;

14 > Maximum iterations reached without convergence
15 return x);

Table 1
Common solvers and preconditioners for constructing iterative
methods in the PETSc library [9, 36-38].

Solvers Preconditioners
CG F-CG w-Jacobi B-Jacobi
GMRES F-GMRES G-S SSOR
L-GMRES GCR GMG AMG
BICG BICGSTAB DDM ILU

the preconditioning step, where subsequent residuals #*—1,
derived from the RHS, influence the transient effectiveness
of stationary methods (e.g., Jacobi) and even the smoothing
operations within advanced preconditioners (e.g., AMG) [6].
Further theoretical analysis of the RHS and residual with
respect to the Krylov subspace and convergence behavior
is provided in Section A. Therefore, developing a truly
accurate and robust selection approach requires transcending
a matrix-only perspective to adopt a holistic system repre-
sentation that accounts for the intricate interplay between the
matrix and the RHS.

2.2. Image-based iterative method selection
Image-based iterative method selection, which encodes
a matrix into an image for feature extraction and applies
CNN s for pattern recognition, initially showed promise but
has since been challenged by alternative approaches [24, 25].
Conventional feature extraction encodes the matrix into
an RGB image through three steps: (a) defining the image
resolution @, which dictates the representation’s granularity,
(b) partitioning the matrix A € RN¥*N intoa Q x Q grid of
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Figure 2: Pipeline for SPECTRA. The matrix and RHS are encoded into expanded five-channel images and processed with 2D/1D
convolutions to yield initial C-channel feature maps (MF,,, RF,,) at resolution Q’. These maps are then fed into the DET module,
which models global dependencies and consists of: a tokenizer converting the maps into matrix tokens (MT), RHS tokens (RT),
and a diagonal token (DT') as numerical priors; a transformer capturing global dependencies among these tokens; and a projector
mapping the processed tokens back into the feature space and fusing them with the initial maps to yield refined features (MF,,,,

RF,,). Finally, these refined features are flattened, concatenated, and passed through an MLP to predict the optimal method.

blocks, where each block A;; corresponds to a pixel in the
resulting image, and (c) computing the RGB channels for
each pixel to extract distinct matrix features. Specifically, the
RGB channels are defined as follows:

e Red Channel (R) captures the average magnitude of
non-zero elements. For each pixel, R;; is computed by
normalizing r;;, where r;; is the average of the biased
value #(a) over the NNZ,; ; on-zero elements a within

the corresponding block A, ;:
255J ,
ZaEA,»j n(a)

, 6 <255
NNZ

ij
.= s 3
| Ee o s .

NNZ;

n(a) = a—min(A) + 1,
6 = max(A) — min(A).

.
r;j — min(r)
ij =

max(r) — min(r)

e Green Channel (G) quantifies the density of non-zero
elements. For each pixel, G;; is determined by the ratio
of the number of non-zero elements NNZ;; within a

block to its total capacity y2, where y ~ N /Q:

NNZ;;
= x255] . )
72

ij

e Blue Channel (B) encodes the scale of the matrix.
For each matrix, B;; is uniform across all pixels and
is calculated by normalizing its scale N against the
minimum N,,;,, and maximum N,,,, scales observed
across the entire dataset:

B = [M
Y Nmax_Nmin

max

X 255J . 5)

This encoding scheme transforms matrix features into
a structured format amenable to pattern recognition, which

conventional approaches employ CNNs to predict the op-
timal probability distribution over the available solver-
preconditioner pairs. However, CNNs are founded on the
convolution, which applies learnable kernels to compute
weighted sums of pixels within local receptive fields, cre-
ating a strong inductive bias towards local patterns [39-43].
Although this bias is effective for natural image tasks that
rely on local texture and shape, it becomes a bottleneck when
long-range dependencies are crucial for understanding the
system’s global structure decisive for method selection.

3. SPECTRA

Fig. 2 illustrates the pipeline of SPECTRA, founded on
three core innovations, each engineered to resolve a funda-
mental limitation of conventional image-based approaches:

e A discriminative expanded-channel encoding scheme
captures the numerical distribution faithfully, thereby
mitigating the numerical distortion in conventional
RGB image encoding (Section 3.2).

e The pioneering incorporation of RHS-awareness rep-
resenting the problem holistically, thus addressing the
characterization incompleteness of prior matrix-only
approaches (Section 3.3).

e A DET module, guided by numerical priors, mod-
els dependencies globally, in turn overcoming the
long-range obscurity in standard image-based pattern
recognition (Section 3.4).

3.1. Problem formulation

The primary goal of iterative method selection is to
establish a mapping f from a given sparse linear system to
its optimal iterative method [9, 10], formulated as follows:

e* = f(A,b), (©)

where the input comprises the matrix A and the RHS b of the
system. Notably, in contrast to prior work that focuses exclu-
sively on the matrix, our incorporation of the RHS facilitates
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Matrix Image:

a more holistic system representation [10, 11, 24-28]. The :
output e* is the optimal method selected from a predefined . - I'!E Jr .
set of K candidate methods E = {ey, ...,eg }, where each IF-55e) [
method e, corresponds to a unique solver-preconditioner Matrix R : G B
pair from Table 1 and achieves optimal performance for
at least one system in the dataset. Consequently, we for- RHS Images
mulate the selection task as a joint K-way classification ~ =772="| == O GE T ':'f':' ':’7“:
problem over the set E, rather than predicting the solver
and preconditioner independently. We emphasize that no  Figure 3: Expanded-channel encoding for the matrix (top)
solver-preconditioner pair is universally optimal across all ~ and the RHS (bottom). For the matrix, the five channels
systems. Instead, the objective is to learn an instance-wise ~ encode: (R) the average magnitude of non-zero elements,
and system-dependent optimum within E. (G) .the density _of non-zero elements, (B) the scale of the
The optimal method e* is formally defined as the method matrix, jlon% with our Tmposed ﬁp) pelak andf.(V)hva”eﬁ
that minimizes the wall-clock solution time 7g(A, b, ) under magnitude of non-zero elements. An analogous five-channe

. . i . ’ encoding scheme is applied to the RHS for feature extraction.
prescribed stopping criteria determined by a relative toler-
ance and a maximum iteration limit:

e* = argmin T(A, b, e). @) normalizing the minimum non-zero element v; ;:
ecE
. ) v;; — min(v)
Here, T4(A, b, e) denotes the end-to-end runtime and explic- Vi=|l—————=X 2551,
itly encompasses both the preconditioner setup and iterative max(v) — min(v) (10)
solving times. We assign 75(A, b, e) = oo for methods that v = min,,¢ A, (a).

fail to converge within the limit, thereby ensuring their
exclusion from the selection process.

Since the objective is to select a single method e* from
the finite set E, this task is formulated as a multi-class
classification problem. For each system, the ground-truth 3.3. RHS encoding scheme
label is a one-hot vector y € {0,1}X, where the element
for the optimal method is 1, while all others are 0:

The detailed computational procedure for the expanded-
channel matrix encoding scheme is provided in Appendix B.

To address the characterization incompleteness of matrix-
only approaches, we encode the RHS into a five-channel 1D
image via a matrix-analogous scheme, thereby establishing

1, ifi= ar%min Ts(A, b,ep) the foundation for RHS-awareness and representing the
Vi = keil....K) : (8)  system holistically, as depicted in the bottom row of Fig. 3.
0, otherwise Specifically, this encoding process consists of three se-

quential steps: (a) adopting the same image resolution Q as
The mapping f is then learned by training a selection  the matrix to ensure representational consistency, (b) parti-
approach to minimize a loss function between its predicted  tioning the RHS into Q 1D segments, where each segment

probability distribution $ and the ground-truth label y. corresponds to a pixel in the resulting 1 X Q image, and (c)
computing the five channels (R, G, B, P, V') for each pixel
3.2. Expanded-channel encoding scheme to extract distinct RHS features by adapting the operations

To mltlgate the numerical distortion in conventional defined in Eqs 3-5, 9 and 10 from 2D matrix blocks to the
RGB image encoding, we propose a discriminative expanded- 1D vector segments.
channel encoding scheme that augments the standard RGB By encoding both the matrix and the RHS into analogous
channels with two additional Peak (P) and Valley (V')  images, a unified feature set is established, which is crucial
channels to capture numerical distributions faithfully, as for enabling joint analysis in subsequent pattern recognition.
illustrated in the top row of Fig. 3 and defined as follows:
3.4. DET

To overcome the long-range obscurity in standard image-
based pattern recognition, we introduce the DET module,
which complements preceding convolutions by employing
self-attention [44] to capture the global dependencies across
the matrix, the RHS, and their intricate interplay. Our insight

e Peak Channel (P) identifies the maximum magnitude
of non-zero elements. For each pixel, P, j is obtained
by normalizing p;;, which represents the maximum
value among non-zero elements a within A,;;:

pij — min(p)
P, = l”— X 255J , is to leverage the synergistic strengths of both convolutions
max(p) — min(p) (9 and transformers: (a) early in the backbone, CNNs are
Pij = MaXoe 4, (a). employed to capture densely-distributed, low-level patterns,

and (b) later in the network, DET module is utilized to model
the global relationships among more sparsely-distributed,

e Valley Channel (V') captures the minimum magni- . X R )
higher-order semantic concepts. Similar paradigms can be

tude of non-zero elements. Similarly, V;; is derived by
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Figure 4: (a) Pipeline for diagonally-enhanced tokenizer. Tokenizer converts initial feature maps (MF,,, RF,,) into matrix tokens
(MT), a diagonal token (DT), and RHS tokens (RT). MT and RT are generated via an attention mechanism that distills
features from MF, and RF,,, respectively. DT is constructed by applying a diagonal mask to MF,, and processing with an MLP.

(b) Pipeline for projector. Projector maps output tokens from the Transformer back into feature space via a reverse attention
mechanism, where MF;, and RF,, serve as the queries and the contextually-enriched tokens are the keys and values. In the matrix

stream, MT and DT are utilized to compute an intermediate feature map (

residual connection to produce the refined MF,,. An analogous p

ut *

found in [45-50] but with one critical difference: prior works
focus on standard image classification, whereas DET is
specifically designed for iterative method selection by inte-
grating the crucial numerical prior regarding the significance
of the matrix diagonal to guide attention.

DET processes the initial, locally-aware feature maps
MF;, and RF;, from the convolution layers, yielding refined,
globally-aware counterparts MF,,, and RF,,, through the
synergistic interplay of three core components:

¢ Diagonally-enhanced tokenizer converts the initial
feature maps MF;, and RF;, into a sequence of tokens
while embedding the diagonal prior (Section 3.4.1).

Transformer processes these tokens via self-attention
to model global dependencies of the matrix, the RHS,
and their intricate interplay (Section 3.4.2).

Projector maps the processed tokens back into feature
space and fuses them with the initial maps to yield
refined feature maps MF,,, and RF,,, (Section 3.4.3).

ut

3.4.1. Diagonally-enhanced tokenizer

To convert the initial feature maps into a token se-
quence amenable to the Transformer architecture, SPEC-
TRA employs a diagonally-enhanced tokenizer, as illus-
trated in Fig. 4(a). Unlike standard tokenizers that treat all

MF,,,), which is subsequently fused with MF,, via a

mid

rocess is applied to the RHS stream to generate refined RF,

ut *

towards structurally significant information, which is crucial
to understand the decisive properties of the system.

The tokenizer generates three distinct sets of tokens via
parallel pathways:

e Matrix tokens (M T) are designed to distill features
from MF;, € RQ*C into a set of representative clus-
ters. Unlike fixed patching [45, 51, 52], we employ an
attention-based mechanism from [46] for data-driven
feature grouping. An attention map MA € R *4n ig
first computed via a learnable projection matrix Ty, €
RE*4M to group the pixels of MF,, into 4,, clusters.
The resulting A,, matrix tokens MT € R*¥*C are
then generated as the weighted average of MF;,, with
weights provided by MA. Formally,

MT = Softmax (MF,, - Ty;)" MF,

in*

an

o J/

g

MAER2?xAm

RHS tokens (RT) are generated analogously to sum-
marize features from RF,, € RY*C. A learnable
projection matrix T € R€**® is applied to compute
an attention map RA € RQ*4& | which in turn yields
A RHS tokens RT € RArXC:

pixels uniformly [45, 46], our tokenizer is specifically engi- RT = Softmax (RF;, - TR RF,,. (12)
neered to embed critical numerical priors by constructing a ~ ~ d

specialized diagonal token, guiding the subsequent attention RAER %R
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e Diagonal token (DT) embodies numerical priors as
a strong inductive bias, crafted to guide attention to-
wards structurally vital features in the matrix diagonal
for enhanced predictive performance. DT explicitly
encodes significant matrix diagonal features by apply-
ing a mask that isolates a predefined diagonal band,
grounded in a twofold theoretical rationale:

— The convergence rate of iterative methods is pro-
foundly influenced by the matrix’s spectral prop-
erties, specifically the distribution of its eigen-
values [6], and the Gershgorin Circle Theorem
establishes the diagonal elements as the funda-
mental anchors for these eigenvalues [53, 54].

— The image encoding scheme and convolutional
layers jointly establish a spatial correspondence,
mapping the crucial diagonal elements of the
original matrix to a diagonal band within MF,,.

Inspired by these, we highlight features within a pre-
defined diagonal band by constructing a mask Mask €
[RQ/XQ/, where the value of each element Mask; ] is
determined by its distance from the main diagonal:

Mask 1, if|li—j|<d
ask,; = ,
o 0, otherwise

where the half-width d is a hyperparameter deter-
mined by the architecture of the preceding CNNs. For
a CNN with T layers, where each layer comprises a
convolutional operation (kernel size 7, stride 1) and a
pooling operation (kernel size and stride ¢), a princi-
pled value for d is formulated as [o™" + (7 — 1)(o" —
1)/(0" (0 — 1))] to capture the projection field of the
diagonal elements. A detailed, step-by-step derivation
for d is provided in Appendix C.

(13)

This mask is then broadcast across the channel dimen-
sion and applied element-wise to the matrix feature
map, Mask MF,, = Mask © MF,,, to isolate the
diagonal features. The resulting tensor is subsequently
flattened and processed by a MLP to generate a single,
consolidated diagonal token DT € RIXC which
encapsulates this vital structural information.

Finally, these three token sets are concatenated into
a comprehensive sequence, T, = [MT; DT; RT], which
encapsulates matrix-wide semantics, RHS characteristics,
and the critical numerical prior, serving as the enriched input
for the subsequent Transformer.

3.4.2. Transformer

To model the global dependencies among the matrix,
the RHS, and their intricate interplay, SPECTRA processes
tokens T, from the tokenizer using a Transformer encoder
[44, 45]. The encoder creates a fully connected computa-
tional graph over these tokens, enabling the model to explic-
itly reason about the interplay between any pair of features,
which is critical for a comprehensive understanding of the
system. Specifically, it enables three types of interactions:

o Intra-feature interaction allows M T and RT tokens
to self-attend within their respective sets, enabling the
model to form a global understanding of the internal
structure of the matrix and RHS in isolation.

e Cross-feature interaction ensures MT and RT to-
kens to attend to one another, explicitly modeling their
crucial interplay, which is a key determinant of the
convergence rate for many iterative methods.

o Feature-prior interaction is established via the spe-
cialized DT, which acts as an anchor for the numerical
prior. This interaction is twofold: the DT attends to
MT and RT to aggregate global information from
the diagonal’s perspective, while MT and RT attend
to the DT to contextualize themselves relative to this
critical structural information. This interaction intro-
duces a theoretically-grounded inductive bias, which
guides the model toward more structurally-informed
selections, enhancing its predictive performance.

These three interaction types are realized within a stan-
dard Transformer encoder composed of L identical layers,
each comprising a Multi-Head Attention (MHA) block and
a Feed-Forward Network (FFN) block. Layer normalization
(LN) is applied before each block, and residual connections
are used after each block [55, 56]. The computation for the
I-th Transformer encoder layer is formulated as:

T' = MHA(LN(T,_,)) +T,_,,
{1 (LN(T,-1)) + 71y "

1, = FEN(LN(1))) + .

where T)_;, Tl’, and T) € RAm+1+4r)%XC are the input, inter-

mediate, and output tokens of the /-th layer, respectively.
The MHA block comprises U parallel attention “heads”,

and the computation for the u-th head, H", is defined as:

(Twg) (mawi)”

V/D»

where WQ“, Wl’é, WI‘,‘ € R*Ph gre the learnable weight ma-
trices for the query, key, and value projections, respectively,
and D;, = C/U is the dimension of each head. The outputs
of all U heads are then concatenated and passed through a
final linear projection layer, which is governed by the weight
matrix W, € RE*C to produce the final MHA output:

H" = Softmax

T, Wi, (15)

MHA (T,_,) = [H',H?, ..., HY| W),. (16)

Following the MHA block and its subsequent residual
connection, the Tl’ is then layer-normalized and processed
by the FFN, which consists of two linear layers with an
intermediate GELU activation function, expressed as:

FFN (T}) = GELU (TI’WF] ) W, (17)
where Wy, € RO“C and W, € RY*C are the learnable
weight matrices.
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Through the Transformer encoder, the initial tokens Tj
are progressively evolved into the final sequence T; =
[MT;; DTy ; RT; ], where each token encapsulates not only
its original features but also rich contextual information
derived from its global interactions within the system.

3.4.3. Projector

While the tokenizer abstracts the feature map into a
condensed token sequence to enable efficient global mod-
eling, this process inherently sacrifices fine-grained, pixel-
level details. To bridge this gap, SPECTRA introduces a
projector module, inspired by [46], which maps tokens back
to feature space and fuses them with the initial feature maps,
ensuring the final features benefits from both local precision
and global context, as illustrated in Fig. 4(b).

The projector constructs the refined feature maps via two
parallel pathways:

e Matrix feature refinement augments the initial fea-
ture map MF,, by fusing it with enriched tokens
MT; and DT} . This process is implemented via an
attention mechanism, where each pixel in MF;, serves
as a query to retrieve contextual information from
the enriched tokens, which function as the key. The
query MQ and key MK are generated using learn-
able projection matrices Qy,, Ky, € REXC | where
MQ = MF;, - Q) and MK = [MT;;DT;] - K.
Subsequently, the attention map MA’ is computed to
quantify the relevance of each token to every pixel and
is then used to form a weighted token sum, producing
the intermediate feature map MF,,;, that distills the
global context for each pixel location:

MF,,;; = Softmax (MQ - MK")[MT,; DT, ]. (18)

/

g

MA'eRQ>XUip+1)

Finally, MF,,;, is residually added to the MF;, to yield
the refined feature map, MF,,, € R2*C.

out

o RHS feature refinement follows an analogous pro-
cedure to augment the initial RHS feature map RF;j,,
where each pixel queries the enriched tokens RTj
to aggregate relevant global context. Similarly, the
query RQ and key RK are generated using learnable
projection matrices Qg, K € R€ (RQ = RF;, -
QOr and RK = RT} - Ky), which in turn are used to
compute the intermediate feature map RF),;;:

RF,,;; = Softmax (RQ - RK") RT,.  (19)
(- ~~ 7
RAIERQ/XAR

The final RHS feature map RF,, € R2*C is then
produced via residual connection.

Through the projector, SPECTRA constructs refined fea-
ture maps (MF,,,, and RF,,,) that integrate pixel-level details
from the CNNs with long-range dependencies captured by
the Transformer, which are subsequently fed to a final MLP
to predict the optimal iterative methods.

4. Experiment

4.1. Experimental setup
4.1.1. Datasets

To comprehensively evaluate SPECTRA and ensure
fair comparison with existing approaches, we construct
two sparse linear system datasets using matrices sampled
from SuiteSparse [29], a diverse matrix collection derived
from practical engineering and scientific applications. These
datasets assess model performance under both conventional
and realistic scenarios:

¢ Fixed-RHS dataset is designed to provide fair com-
parison with existing approaches. Since prior works
rely solely on the matrix and completely omit the
RHS, a de facto standard evaluation protocol has
emerged wherein each matrix is paired with a single
predefined RHS [10, 24-28]. Following this conven-
tion, we construct this dataset by sampling matrices
with scales 10> < N < 10 [10, 28] from SuiteSparse
and pair each with a fixed RHS of all ones.

e Variable-RHS dataset is established to evaluate per-
formance under more realistic and challenging condi-
tions where the RHS varies. This design reflects prac-
tical scenarios where the same matrix is solved with
multiple RHS (e.g., in time-stepping simulations),
which critically influence optimal method selection.
To generate diverse RHS patterns that capture this
variability, we reuse the matrices from the fixed-RHS
dataset and generate ten distinct RHS per matrix by
generating random solutions x € [0, 1)V and comput-
ing the corresponding RHS as b = Ax.

To prepare for model training and evaluation, we parti-
tion the sampled matrices into training (80%) and test (20%)
sets using random seeds, with all systems derived from a
single matrix assigned to the same subset to prevent data
leakage. This distribution yields 562 training and 141 testing
systems for the fixed-RHS dataset, while the variable-RHS
dataset comprises 5620 training and 1410 testing systems.

4.1.2. Implementation details

To obtain ground-truth labels for model training, we
solve all sparse linear systems using the PETSc library on
an AMD 9950X CPU with relative tolerance of 7 = 10~°
[11] and a maximum number of iterations of .S =1000 [26].
We comprehensively evaluate all solver-preconditioner pairs
generated by the Cartesian product of the components listed
in Table 1. Pairs that fail to converge or are inexecutable
incur a value of 7¢(A, b, e) = oco. We restrict the final set E
to pairs that are optimal for at least one system to preclude
empty classes. This definition yields K =23 classes for the
fixed-RHS case and K = 36 classes for the variable-RHS
case. The image resolution is set to Q € {64, 128,256} [27],
and complete model details for SPECTRA are provided in
Appendix D. All models are trained on two Nvidia 4090
GPUs with a learning rate of 5 X 1074, a batch size of 64,
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and 400 epochs, employing the cross-entropy loss:

¢
loss = Z CrossEntropy (y;, %) » (20)

i=1

where ¢ is the number of training samples, y; is the ground-
truth label, and J; is the predicted probability distribution.
The training procedure requires less than two hours of wall-
clock time, equivalent to under four GPU hours, even at the
highest resolution. A detailed cost-benefit analysis quanti-
fying the trade-off between training overhead and runtime
savings is provided in Section E.

To mitigate randomness, we conduct each experiment
with five different random seeds and report the mean per-
formance across all runs.

4.1.3. Evaluation metrics

We comprehensively evaluate method selection approaches

using four distinct metrics from two critical perspectives:
the first assesses classification accuracy, while the remaining
three quantify practical solution effectiveness.

e Top-n selection accuracy (ACC@n) assesses the
model’s classification performance by measuring the
frequency with which the optimal method appears
within the top-n predictions. While ACC@1 is the
primary metric for automated selection since only the
top-1 method is deployed, we also report ACC@n > 2,
which evaluates the model’s utility as a decision-
support tool that generates a shortlist of candidate
methods for expert review and final selection.

e Solution success rate (Success) measures the robust-
ness of the model’s top-1 selections, defined as the
percentage of systems for which the selected method
successfully converges under the relative residual
stopping criterion ||F® ||, < |||, with z = 107°
and a maximum iteration limit of .S = 1000.

o Solution efficiency (Efficiency) quantifies how closely
the model’s selections approximate the optimal. For
the i-th system (A, b;), the efficiency is the ratio of
the optimal solution time T;(e*) to that of the se-
lected method Té(em), where e,, denotes the model’s
top-1 prediction, with 0 assigned to non-convergent
selections to penalize non-robustness. The average
efficiency across the ¢ test systems is formulated as:

1 < <
Efficiency = — Z TS’(em)
v =1 0 otherwise

if (4;, b;, e,,) converges

21

e Computational speedup (Speedup) evaluates the so-
lution acceleration achieved by the selection approach
relative to the baseline representing the expected so-
lution time of random choices. For the i-th system,

the baseline time Té is computed as the average so-
lution time across all candidate methods, with non-
convergent methods assigned a penalty time equal
to the maximum convergent time (Eq. 22). The final
speedup is the ratio of Ty to the model’s end-to-end
time including feature extraction 75, model inference
T and the selected method solution time, with 0
assigned for non-convergent selections (Eq. 23).

Ti(e), if (A,, b;, e) converges
i 1 )
Ty = X Z max T¢(e'), otherwise )
ecE e€E
(A;,b;,e') converges
(22)
i
ol ——B  if (4;, b;, e,,) converges
Speedup:éz TotT,y +Tg(ey) e .
=t 0, otherwise

(23)

4.1.4. Baselines

To rigorously evaluate SPECTRA and its gains rela-
tive to engineering practice, we benchmark it against a
rule-based heuristic baseline and five representative deep
learning-based approaches spanning the primary paradigms
for iterative method selection. For learning-based baselines,
we focus on deep learning methods, as their superiority
over traditional machine learning methods has been well
established in prior works [10, 25, 27].

e HR (Heuristic Rule) is a rule-based approach that
mirrors engineering selection strategies according to
system properties. It employs CG with SSOR for
Symmetric Positive Definite (SPD) systems while ap-
plying GMRES with ILU for non-SPD instances. This
choice aligns with established conventions as CG is
tailored for SPD systems and GMRES is utilized for
general non-SPD systems, while SSOR and ILU func-
tion as computationally efficient preconditioners. For
fair comparison, SPD verification costs via Cholesky
factorization are added to the feature extraction time
Tr and the inference time T,, is set to zero. As
deterministic HR yields a single selection rather than
a probability distribution, ACC@n > 2 are omitted.

e FC [26] is a scalar-based approach that employs a
fully connected network to predict optimal methods
based on numerical features extracted from the matrix.

e GNN [10] is a graph-based approach that models the
matrix as a graph and employs a graph neural network
to learn its topological features.

e CNN [24, 25] is the conventional image-based ap-
proach that encodes the matrix into an RGB image and
employs CNNss for classification.

e MM [27] and RAF [28] are current SOTA multi-
modal approaches that extract and fuse numerical and
structural features extracted from the matrix.
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Table 2

Comparison with SOTA approaches under fixed-RHS (top) and variable-RHS (bottom) settings. All metrics are reported as
mean + standard deviation across five runs. SPECTRA achieves SOTA performance in both settings, with gains substantially
amplified in variable-RHS scenario compared to fixed-RHS setting. The best results for each metric are highlighted in blue .

Model ACC@1 ACC@2 ACC@3 ACC@4 ACC@5 Success Efficiency = Speedup
(%)1 (%)1 (%)1 (%)1 (%)1 (%)1 (%)t (x)1
Fixed-RHS
HR ‘ 33.19+2.86 - - - - 89.02+1.03 5.24+212 1.68+0.66
FC [26] | 71.28+238  86.52x160  90.60+099  91.55+0.94  91.73+127  97.70+050  16.19x167  3.56+0.48
GNN [10] | 70.93+004 86.05+106 90.54+103  92.47+103 94.33:x130 96.22+211  11.31+175  1.08+036
CNNe4 [24, 25] | 70.80+204  82.92+085  89.42+104  89.48+001  91.37+119  96.21+031 9.27+1.38 3.18+0.39
MMe64 [27] | 75.41+137  85.34+003  90.13+124  92.55+118  92.85+145  97.87+020  17.50+125  3.83+043
RAF64 [28] | 73.23+205 87.17+177  90.07+087  90.13x004  92.14x102  97.28+048  15.10+000  3.76+036
SPECTRAG64 | 77.72+384  85.99+120 89.89+1.02 91.90+098  92.79+064  97.70+104  25.44+146  4.01+043
CNN128 [24, 25] | 71.99+320 85.28+148  90.48+131  90.66+147  90.90+115  97.28+030  13.02+3.10 3.36+0.46
MMai2g [27] | 76.60+201  86.76+097  90.31+134  90.31x087  91.96+134  99.05+134  22.27+199  3.95+036
RAF128 [28] | 74.11+118 87.77+099  89.89+083  90.01+120 92.02+060  97.41+054  13.79+110  3.67+044
SPECTRA128 | 78.72+224 87.82+131 91.62+183 91.81+122  92.52+120  99.29+067 35.81+003  4.41+0.30
CNN2s6 [24, 25] | 71.51+268 86.11x079  89.95+070  90.78x100 91.43:084  96.69x074  12.68:+4.20 3.19+051
MMz2s6 [27] | 75.83+355  87.35+372  89.78x293  91.02+121  92.02+059  97.04x030  17.76+131  3.75x061
RAF256 [28] | 74.17+390 85.17+177  88.89+121  89.30x020 92.38x120 98.46+026  16.22+1.41 3.82+0.88
SPECTRA2s56 | 78.35+297 86.36+086  90.03+0.86 92.67+070 94.70+13s 97.82+070 27.67+135 4.14+0.79
Variable-RHS
HR | 29.06+1.04 - - - - 85.23:074  3.81x14¢  1.79x076
FC [26] | 55.16+061  73.59x070  79.75+073  81.22x082  83.21x077  92.91+0.45 5.35+1.78 4.05+055
GNN [10] | 59.50+065 74.90+055  78.99+074  81.66+060  83.20x067 90.76+076  9.94+1.60 1.20+0.44
CNNea [24, 25] | 61.47+052  75.11+058  80.00+063  81.25+070  82.63+060  94.21+034  8.92+2.06 4.20+0.57
MMe4 [27] | 59.33+085  75.12+050 78.66+060 80.35+053  82.29x051  95.04+027  8.94x085 4.34+051
RAFe64 [28] | 60.57+086  76.01+103 80.38+096 82.03+064  83.63+x079  95.04+021  10.87+1.86 4.42+0.49
SPECTRAG64 | 78.23+135 88.45+063 93.58+056 95.71+057 96.72+060  97.99+041  39.10+1.08 6.97+0.73
CNN128 [24, 25] | 59.83+058  74.41+083  78.95+093 80.51+081  82.40+072 94.68+021  10.24+123  4.39+0.78
MMui2g [27] | 60.61+066  75.57+055  79.47+070  80.97+094  82.55+076  94.90x050  11.97+103  4.58x076
RAF128 [28] | 60.19+064 74.23+066 79.21+076  80.90+072  83.03x074  94.58+037  8.73x0.80 4.24+0.46
SPECTRA128 | 78.53+1.09 88.48+067 92.90+059 95.49+057 97.11+065 99.49+026 45.44:+0.69 7.36+0.62
CNN2s6 [24, 25] | 60.69+084  75.10x060  79.14+058  80.84+053  81.92+061  94.88+047  8.43x0.8 4.19+055
MMas6 [27] | 59.82+052  74.80+100  78.77+067  80.61x054  82.36+053  94.97+037  8.36+1.08 4.21+0.60
RAF256 [28] | 60.40+099  74.15+076  77.51+067 79.08+082  81.45+063  95.34x038  12.03+1.76 4.29+0.56
SPECTRA256 | 78.42+120 86.40+093 91.11+082 93.75+083  95.45+074  98.32+030  38.02+1.65 6.79+0.58

4.2. Comparison with SOTA approaches

As summarized in Table 2, SPECTRA establishes a new
SOTA and consistently outperforms all baseline approaches
across all evaluation metrics on both datasets.

Performance on the fixed-RHS dataset: In the con-
ventional fixed-RHS setting, which aligns with the evalua-
tion protocol of prior works, SPECTRA exhibits a distinct
performance advantage. As detailed in the upper section
of Table 2, SPECTRAI28 achieves the highest ACC@1 of
78.72%, surpassing the conventional CNN128 by 6.73% and
the strongest baseline MMi28 by 2.12%. Beyond selection
accuracy, this advantage translates into superior practical
effectiveness. SPECTRA128 achieves a Success of 99.29%,
Efficiency of 35.81%, and Speedup of 4.41X, surpassing
CNNi2s by 2.01%, 22.79%, and 0.65X%, respectively, and

outperforming MMi2s8 by 0.24%, 13.54%, and 0.46X%, re-
spectively. Furthermore, SPECTRA 128 significantly outper-
forms the standard engineering HR by increasing ACC@1
by 45.53% and boosting the Speedup by 2.73X%, validating
the superiority of data-driven decision-making over static
heuristics. These results underscore that SPECTRA’s capa-
bilities in faithfully capturing numerical distributions and
globally recognizing patterns not only enhance selection
accuracy but also yield superior practical performance.
Performance on the variable-RHS dataset: The su-
periority of SPECTRA is substantially amplified on the
variable-RHS dataset, which evaluates model performance
under more realistic and challenging conditions. As shown in
the lower section of Table 2, all matrix-only baseline models
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Figure 5: Case study on four PDE problems.
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consistently outperforms CNNeé4 across all four PDE cases, especially

in the variable-RHS setting. The performance advantage is evident in well-conditioned Poisson problems and becomes increasingly
substantial as system complexity grows, as demonstrated in the Linear Elasticity, Convection-Diffusion, and Helmholtz equations.

suffer significant performance degradation due to the omis-
sion of RHS, rendering them unable to adapt their selections
to varying RHS characteristics. For instance, the ACC@1 of
CNNI128 and MMi28 decreases by 12.16% and 15.99%, re-
spectively. In stark contrast, SPECTRA, with its pioneering
incorporation of RHS-awareness, demonstrates consistently
superior performance. SPECTRA128 achieves an ACC@1
of 78.53%, surpassing CNN128 and MMi28 by 18.70% and
17.92%, respectively. This substantial accuracy advantage
translates into significant improvements in practical metrics.
SPECTRAI128 improves Success, Efficiency, and Speedup
over CNN128 by 4.81%, 35.20%, and 2.97x%, respectively,
and over MM 128 by 4.59%, 33.47%, and 2.78X, respectively.
Notably, excluding RHS information exacerbates the limita-
tions of HR in this setting and yields a minimal Efficiency of
3.81%, whereas SPECTR A 128 attains a substantial Efficiency
of 45.44% and a Speedup of 7.36x. This demonstrates that
by creating a holistic system representation, SPECTRA not
only enables more accurate selections but also achieves
substantially enhanced robustness and efficiency in practice,
delivering significant real-world computational acceleration.

4.3. Case studies

To provide granular insights into the advantages of
SPECTRA, we conduct a case study on systems derived
from four fundamental partial differential equations (PDEs):
Poisson [57], Linear Elasticity [58], Convection-Diffusion
[59], and Helmholtz [60], chosen as distinct cases that repre-
sent cornerstone problems in real-world scientific computing
with increasing structural complexity. For each PDE, we
generate 5000 systems using OpenMat [61] and construct
the corresponding fixed-RHS and variable-RHS datasets.
All models are trained on SuiteSparse and evaluated on these
PDE systems in a zero-shot setting.

Fig. 5 demonstrates that SPECTRAs4 consistently out-
performs the conventional CNNe4 across all four cases, with
this superiority being substantially amplified in the more
realistic variable-RHS setting owing to SPECTRA’s holistic
problem representation. Examining the specific cases in
detail, for the well-conditioned, symmetric positive-definite
systems arising from the Poisson equation, SPECTRAs4
comprehensively outperforms CNNe4, thereby confirming
its efficacy on simpler problems. This advantage becomes
more pronounced for Linear Elasticity systems, where the
wide dynamic range and symmetric block structures expose
the numerical distortion in the CNN’s reductionist RGB
encoding, whereas SPECTRA’s expanded-channel encoding
preserves numerical fidelity. SPECTRAs4’s superiority is
most evident in the Convection-Diffusion and Helmholtz
cases, where the non-symmetric or indefinite matrices ex-
hibit crucial long-range dependencies (e.g., advection-domi-
nance) that the CNN’s locality-biased convolutions fail to
capture, whereas SPECTRA’s DET effectively identifies
these global structures through the attention mechanism.

4.4. Ablation studies

To systematically dissect SPECTRA and quantify the
individual and synergistic contributions of its core compo-
nents, we conduct a comprehensive ablation study on both
the fixed-RHS and variable-RHS datasets, as detailed in
Table 3. For fair comparison, all ablation variants in this
section are evaluated at an image resolution of Q = 64.

4.4.1. Effect of the expanded channels P&V for matrix

To rigorously evaluate the effectiveness of the expanded
P&V channels for matrix encoding, we conduct perfor-
mance comparisons with and without them, and the results
demonstrate their significant contribution to achieving supe-
rior performance.
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Table 3

Ablation study evaluating the contributions of SPECTRA'’s core components. We quantify the effectiveness of key innovations by
systematically ablating the matrix encoding scheme (standard RG B vs. expanded RG B+ P&V'), the model backbone (conventional
CNNs vs. hybrid CNNs+Trans, where Trans denotes Transformer), the diagonal token (DT, and the RHS-awareness. Symbols v/

and

indicate the inclusion and exclusion of the corresponding component, respectively. Results highlight that each component

provides individual and synergistic performance gains, with the complete SPECTRA (all /) achieving the best performance.

Configuration ACC@1 ACC@5 Success Efficiency = Speedup
RGB P&V  CNNs  Trans DT RHS (%)t (%)t (%)T (%)t (x)1
Fixed-RHS
4 v 70.80 91.37 96.21 9.27 3.18
4 4 v 71.34 91.52 96.30 11.15 3.22
v v v 73.33 91.92 96.78 15.20 3.48
v v v v 74.44 92.33 97.21 17.77 3.62
4 v 4 v 74.54 92.22 97.40 18.25 3.78
4 v 4 4 73.54 91.88 97.00 16.57 3.52
v v v v v 77.15 92.55 97.51 23.44 3.92
v v v v v 74.71 92.40 97.48 18.59 3.80
v (4 4 v 4 76.76 92.41 97.40 21.52 3.88
4 4 v 4 v 4 77.72 92.79 97.70 25.44 4.01
Variable-RHS
v v v 62.86 76.56 95.00 11.21 4.48
4 v 4 4 74.92 94.45 96.73 28.24 5.95
v v v v 4 76.65 96.35 97.08 31.95 6.30
v v v v (4 77.12 95.53 97.80 33.83 6.34
v v v v v v 78.23 96.72 97.99 39.10 6.97

In the fixed-RHS setting, augmenting a standard CNN
with P&V channels yields a 0.54% improvement in ACC@ 1
and a 1.88% boost in Efficiency (row 1 vs. 2). More com-
pellingly, the indispensability of P&V channels is high-
lighted under the variable-RHS setting, where their removal
from the complete SPECTRA causes a 1.11% drop in
ACC@1 and a 5.27% decline in Efficiency (row 14 vs. 15).

The consistent and substantial performance benefits
across diverse settings and model configurations firmly
establish the superiority of our expanded-channel encoding
over conventional RGB encoding for matrices. To further
dissect their individual contributions, an ablation study on
the separate P and V' channels is provided in Appendix F.1.

4.4.2. Effectiveness of the DET

The DET module, whose core innovation lies in incor-
porating a specialized diagonal token into a Transformer
backbone, is designed to overcome the long-range obscurity
in CNNs. Our ablation studies confirm that both the Trans-
former and the diagonal token contribute significantly and
synergistically to the overall performance of SPECTRA.

The Transformer backbone provides a fundamental ar-
chitectural advantage over conventional CNNSs. In the fixed-
RHS setting, upgrading the CNN backbone with a Trans-
former increases ACC@1 by 3.1% and enhances Efficiency
by 6.62% (row 2 vs. 4), demonstrating that the self-attention
mechanism delivers critical performance gains unattainable
through locally-constrained convolutions.

The diagonal token further enhances performance by
injecting numerical priors into the attention mechanism. In

the fixed-RHS setting, integrating the diagonal token into
a hybrid CNN-Transformer backbone improves ACC@1 by
2.71% and Efficiency by 5.67% (row 4 vs. 7). Conversely,
in the variable-RHS setting, its removal from the complete
SPECTRA results in a 1.58% decline in ACC@1 and a
substantial 7.15% decrease in Efficiency (row 13 vs. 15).
These results underscore that explicitly guiding the model’s
attention toward structurally significant diagonal informa-
tion is highly effective across diverse scenarios.

The consistent and substantial performance gains demon-
strate that augmenting CNNs with the DET establishes a
more powerful and effective pattern recognition engine.

4.4.3. Impact of RHS-awareness

To quantify the effect of RHS-awareness, we focus our
analysis on the variable-RHS setting, as its diverse RHS
provide the necessary conditions to evaluate the model’s
ability in practical scenarios. Results demonstrate that RHS-
awareness is critical for selection in realistic scenarios.

The fundamental limitation of matrix-only approaches is
starkly revealed when the RHS varies. Specifically, when the
hybrid CNN-Transformer model that performs competently
in the fixed-RHS setting is evaluated on the variable-RHS
dataset, its performance collapses with ACC@ ] plummeting
by 10.47% and Efficiency dropping by 3.99% (row 3 vs.
11). However, incorporating RHS-awareness into this model
yields the largest performance gain, catapulting ACC@ ] by
12.06% and boosting Efficiency by 17.03% (row 11 vs. 12).

Results unequivocally demonstrate that RHS-awareness
is not merely an incremental improvement but a fundamental

Kaiqi Zhang et al.: Submitted to Expert Systems with Applications

Page 12 of 23



(a) Generalization across physical applications

SPECTRA

[ CNNga 1 FC [ 6NN MM o4 [ RAFs4 [ SPECTRAg4
80 95 100 16 6
. 72| 902 | ~ %1 & 121 o -
&70 ] &9 M 296 —- X212 4 5
5 622 65'964’1 8 § 931929 g 9.0 %L’ 24 26 25 3—2 s—
Seo| 2/ = Sgs 845839 g0 e 2 g I = 2 2 2 z
833 3 907 & 66 S
< < 17828 0 7¢| 904 & 6.3 ’ » 09 »
50 80 88 4 0
80 95 97 30 6
709 920 948 5.0
—~ M| = = & 201 | N
265 285 92 %20 L 4 33 35 2.
® 519 & g 876 g 3 e ¥ :f—"
Q 512 499°19505 Q 749 S 872 ©869 S 3 h
S0l (- 46. Q75| 7397273577740 S67| 855958 £10[ 55 o, 67 5 ’ a2 o ®
w 42 i &
35 65 82 0
Models Models Models Models Models
(b) Generalization across system scales
--®-- CNNs4 --%-- FC --8-- GNN MM o4 --®-- RAFe4 —#c— SPECTRAs4
85 100 100 35 * 21 *
X /t | = t yd I t
- ',\\ s i /f. = x: Q < x = /o g |
Zes| 4\ 20| N gk | 90 | S5k = [ e | L1a y X
® e & YoE g S o| 3 | 8
Sas|  Boet T 8g ! g | el 8 AN | & foa |2
45 S 3 Q80 s 380 & 15 850y &7 At P
By @ N w o [ ] * x- '
v b ¢ ° ¢ g m s K8
o %o 0 L ¢
2
T2 ©e B10) 0 12 46 [B10) 0 [L2) [46) [610) ° [12) [46) [810) [12) [46) (8,10
85 100 100 45 21
X X *—_ N X ~
_ N e k| | Fee R * \\* % \ " . » s
260[ 8\ 285[ 4 W Ro0|- & E S 30/ -\ s SRRV * {3,
ik s aa i e N S AN 1h- el
S %o 3<% ‘:’ % ¥ -0 § \ ¢ :3 *—k—K ‘o ‘0| 3 il ¢
235 xS Q70 380 . & 15 8. | o 7 Yok ©
W i< & B | g0 S XA I N A I P
° . xepeg . o8 H
1
0 [1,2) [4,6) [8,10) [1,2) [4,6) [8,10) [1,2) [4,6) [8.10) [1,2) [4,6) [8,10) [1,2) [4,6) [8,10)

Scale (x10%) Scale (x10%)

Scale (x10%)

Scale (x10%) Scale (x10%)

Figure 6: Generalization comparison of SPECTRAG4 with baselines across out-of-distribution (a) physical applications and (b)
system scales. SPECTRA exhibits robust performance compared to baselines on the fixed-RHS dataset, and this superiority is
significantly pronounced in the variable-RHS setting, collectively demonstrating its exceptional generalization capability.

paradigm shift for iterative method selection by enabling
a holistic problem representation, thereby unlocking sub-
stantial gains in the realistic and challenging scenarios. To
further dissect the individual contributions of the channels
for RHS encoding, an ablation study on the separate R, G,
B, P, and V' channels is provided in Appendix F.2.

4.5. Generalization studies

To critically evaluate the robustness and practical appli-
cability of SPECTRA, we conduct two out-of-distribution
generalization studies on both fixed-RHS and variable-RHS
datasets. We first assess generalization across physical ap-
plications by partitioning SuiteSparse matrices according
to problem domains for a group-holdout evaluation where
specific groups are reserved for testing to maintain an ap-
proximate 8:2 training-to-testing ratio. Second, we assess
generalization across system scales by evaluating models on
systems of 10* < N <107 as this range significantly exceeds
the 10 < N <10* scale encountered during training.

As illustrated in Fig. 6, SPECTR As4 demonstrates supe-
rior generalization capabilities across both datasets. In the

fixed-RHS setting, SPECTRA¢4 consistently outperforms
baselines in the physical-application holdout experiments
shown in Fig. 6(a) and maintains superior stability during
scale extrapolation as depicted in Fig. 6(b), highlighting
the robust scalability conferred by its expanded-channel
encoding scheme and the DET. Notably, these advantages
become substantially more pronounced in the variable-RHS
setting, where SPECTR Ae4 establishes dominance across all
metrics, underscoring that its RHS-awareness is the decisive
factor for achieving strong and reliable generalization in
practical applications.

These findings regarding generalization capability are
pivotal for assessing the cost-effectiveness of SPECTRA.
Specifically, the superior robustness observed across unseen
physical applications (Fig. 6(a)) and PDE families (Sec-
tion 4.3) confirms that SPECTRA sustains exceptional per-
formance on new matrix types without requiring retraining.
This characteristic circumvents the computational burden
of frequent model retraining, thereby minimizing marginal
deployment costs for new problem domains and establishing
SPECTRA as a cost-effective intelligent decision system.
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Figure 7: Sensitivity of
conditioning quintile.
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and CNN64 to matrix conditioning. Markers indicate mean performance within each
and p. denote the Spearman correlations between the performance metric and the condition number

for SPECTRA and CNN, respectively. While the performance of both models declines as conditioning deteriorates, SPECTRA
consistently outperforms CNN and degrades more gracefully, demonstrating superior reliability in handling ill-conditioned systems.

4.6. Sensitivity to matrix conditioning

To investigate model behavior across varying numerical
difficulty of systems, we analyze the relationship between
model performance and matrix conditioning, a standard
proxy for problem complexity [6, 53]. Specifically, we first
compute the 2-norm condition number k,(A) via singular
values for each sampled matrix and partition the systems into
five bins based on the quintiles of log;,(x,(A)), with singular
matrices assigned to the most ill-conditioned bin (treating
ky(A) = 00) [62, 63]. We then report the mean performance
within each bin for both SPECTRA and CNN, and compute
the sample-level Spearman rank correlations between each
metric and log((k,(A)) [64, 65].

As illustrated in Fig. 7, the performance of both models
generally exhibits a mild downward trend as the condi-
tion number increases, indicating that ill-conditioned sys-
tems remain challenging for method selection. Neverthe-
less, in the fixed-RHS setting, SPECTRAs4 consistently
outperforms CNNe4 across all bins and typically degrades
more gracefully as conditioning worsens, underscoring the
advantages of the expanded-channel encoding and the DET.
Furthermore, this performance disparity widens in the more
realistic variable-RHS setting, highlighting the benefits of
RHS-aware holistic representations. Notably, the modest |p|
values suggest that matrix conditioning accounts for only a
limited portion of the performance variation.

4.7. Overhead analyses

To evaluate the scalability of SPECTRA, we analyze
the computational overhead incurred by feature extraction
and model inference. Theoretically, as detailed in Algorithm
2, the primary computational overhead of feature extrac-
tion arises from traversing all non-zero elements, yielding

Feature extraction Model inference

2[@ Q256 X Q128 Qu64 2 (% Q25 @ Q128 ~ Q64
@ Optimal solution time @ Optimal solution time
C) —® | & —©
0o 0 o—9 0o 0 o—9
£ £
= +—
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Figure 8: Computational overhead of SPECTRA across
various system scales and image resolutions. The left and
right panels depict the computational time required for feature
extraction and model inference, respectively. Symbol @ de-
notes the average optimal solution time for iterative methods.
Both extraction and inference times remain consistently orders
of magnitude lower than the solution time, underscoring the
negligible overhead and high scalability of SPECTRA.

O(NNZ) complexity for the matrix and O(N) for the RHS.
In contrast, the computational cost of model inference de-
pends solely on the input image resolution Q and the network
architecture, maintaining constant O(1) complexity relative
to system scale. Conversely, the solution time for iterative
methods typically scales super-linearly with scale, exhibiting
O(SN) complexity, where .S denotes the number of iter-
ations [9]. Consequently, the total overhead of SPECTRA
constitutes a negligible fraction of the iterative solution time.

Fig. 8 illustrates the empirical overhead across scales
103 < N < 103 with varying resolutions Q € {64, 128,256}.
Results demonstrate that both feature extraction and in-
ference times remain orders of magnitude lower than the
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Figure 9: Visualization of matrix attention maps. Each group displays an original matrix (left) and two corresponding attention
maps (middle and right), which illustrate how structural features are aggregated into matrix tokens. For visual clarity, we showcase
two attention maps exhibiting the most distinct patterns: one capturing non-zero matrix elements (middle) and another identifying
zero-filled regions (right). Without explicit supervision, tokens spontaneously identify different structural patterns, demonstrating
learned abstraction from pixel-level features to high-order concepts that facilitates effective modeling of global dependencies.

average optimal solution time. Notably, although feature
extraction time scales with system size, it remains negligible
compared to the solution time. Furthermore, inference time
is invariant to system scale, depending only on resolution.
This validates that SPECTRA imposes a negligible compu-
tational burden, establishing it as a highly scalable intelligent
decision system for large-scale engineering applications.

4.8. Visualizing tokens

To better understand what spatial features each token
captures, we visualize the attention maps derived from the
matrix attention MA € R2**4u | where each map MA. ; €
RQ*Q" determines how each pixel from the feature map
MF;, contributes to the i-th matrix token MT; (Eq. 11).
As illustrated in Fig. 9 for eight matrices from SuiteSparse,
distinct tokens spontaneously learn to focus on different
structurally meaningful motifs without any explicit supervi-
sion, thereby effectively segmenting the matrix. This demon-
strates that the tokenizer successfully abstracts pixel-level
features into a vocabulary of high-order structural concepts,
thereby enabling the DET to efficiently model long-range
dependencies through global pattern recognition and ulti-
mately contributing to SPECTRA’s superior performance.

5. Related work

Iterative method selection initially relied on traditional
machine learning. Pioneering work applied classifiers such
as Support Vector Machines and AdaBoost for solver selec-
tion [17]. This initial exploration prompted the exploration
of more diverse algorithms. Subsequently, the methodology
expanded to include Nearest Neighbor and Naive Bayes for
low-cost, high-accuracy solver selection [18], as well as De-
cision Trees for constructing multi-stage selection strategies
[19]. As the field matured, the focus shifted from employing
individual models to developing integrated and systematized
frameworks. This led to the use of machine learning libraries
such as WEKA and MULAN for selection in transient simu-
lations [20], and the development of integrated frameworks
such as Lighthouse, which incorporated K-Nearest Neigh-
bors, Alternating Decision Trees, and Random Forests to
recommend methods from the PETSc and Trilinos libraries

[21, 22]. More recently, the community has embraced ad-
vanced ensemble and probabilistic techniques. This trend is
exemplified by the application of advanced gradient boost-
ing models like XGBoost and Gradient Boosting Decision
Trees for optimal Krylov solver selection [11], and the use
of sophisticated methods such as Gaussian Processes and
Gradient Boosting in complex domains like multiphysics
porous-media simulations [23].

The advancement of deep learning has catalyzed a
paradigm shift in iterative method selection, surpassing
machine learning due to enhanced representation learning
capabilities. Initial image-based approaches encoded the
matrix as an RGB image, employing CNNs to learn its
structural patterns [24, 25]. Another line of research pursued
a scalar-based approach, which utilized eighteen matrix
features fed into FC networks for solver selection [26]. Sub-
sequently, a different paradigm emerged that modeled the
matrix as a graph with five node and ten graph features, using
GNN s to capture its topological information [10]. Building
on these works, current SOTA approaches adopt a multi-
modal strategy, fusing image and scalar features to achieve
more accurate and robust selections [27, 28]. In contrast,
SPECTRA revitalizes image-based iterative method selec-
tion through three key innovations: an expanded-channel
encoding scheme for faithful numerical representation, pio-
neering RHS-awareness for holistic system characterization,
and a DET for global dependency modeling.

6. Discussion and limitations

The scalability and generalization of SPECTRA are
underpinned by its encoding mechanism, which projects
arbitrary-dimensional linear systems onto fixed-resolution
feature maps. This design decouples model input dimension
from system scale, allowing SPECTRA to handle signifi-
cantly larger systems without retraining. As demonstrated by
zero-shot extrapolation experiments in Section 4.5, SPEC-
TRA maintains robust performance even beyond its training
range. We attribute this generalization to the observation that
iterative convergence behavior is governed predominantly
by scale-invariant macroscopic structural properties, such
as matrix sparsity patterns and RHS spectral frequencies,
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rather than by element-wise details. Consequently, encoding
acts as a statistical aggregation that preserves critical global
features while filtering noise, enabling SPECTRA to learn
scale-invariant visual patterns.

However, this image-based paradigm inherently suf-
fers from information loss due to resolution constraints.
Compressing a high-dimensional matrix into a coarse grid
inevitably introduces aliasing, potentially masking spe-
cific eigenvalue outliers that govern convergence in ill-
conditioned cases. While our proposed expanded-channel
encoding mitigates this issue by explicitly capturing statis-
tical extremes, it does not fully eliminate the loss of fine-
grained details. Therefore, SPECTRA is particularly well-
suited for engineering applications dominated by global
physical properties, where this trade-off facilitates a highly
efficient and scalable intelligent decision system.

7. Conclusion

In this work, we propose SPECTRA, a novel frame-
work that revitalizes image-based iterative method selection
for efficiently solving sparse linear systems. Leveraging a
discriminative expanded-channel encoding scheme, the pio-
neering incorporation of RHS-awareness, and a Diagonally-
Enhanced Transformer, SPECTRA faithfully captures nu-
merical distributions, holistically represents the problem,
and globally models dependencies guided by numerical pri-
ors. Extensive experiments demonstrate that SPECTRA not
only establishes a new state-of-the-art but also exhibits su-
perior generalization and robustness across diverse problem
domains and system scales, underscoring its utility for real-
world applications in science and engineering.

From the standpoint of software implementation, SPEC-
TRA functions as a lightweight decision layer suitable for
integration into automated scientific computing platforms,
such as PETSc. Once a linear system is assembled, the plat-
form encodes the system, executes a single inference pass,
and instantiates the recommended solver-preconditioner pair
through library APIs. Significantly, the reported acceleration
metrics account for the overhead associated with feature
extraction and inference, demonstrating that such integration
yields tangible reductions in end-to-end time-to-solution.

A. Impact of RHS and residual on the Krylov
subspace and method selection

To further elucidate the theoretical relationship among
the RHS, the residual, and the Krylov subspace, we quantify
the influence of the RHS on the Krylov subspace and con-
vergence behavior, providing a mathematical rationale for
RHS-aware iterative method selection.

Consider the left-preconditioned form of the sparse lin-
ear system Ax = b [8, 66]:

A=M~"A, b=M"b.

Ax = b, (24)

Given an initial guess x©  the initial residual #©@ and its
preconditioned counterpart z(?) are defined as:

rO=p-AxO, 2O=p"1rO=pm"1b-4xD). (25

In a Krylov subspace method, the k-th iterate is sought
within the affine space x®¥ € x© + I (4, z?), where
K, (A, z©) denotes the associated Krylov subspace [6, 67]:

ICk(A\, z(o)) = span{z(o), A\z(o), ey A\k_lz(o)}

= span{p(;f)z(o) tpEP_}). (26)

The preconditioned residual z*) admits the following
polynomial representation:

20 = p, (D2, p(0)=1. 27)

Consequently, the RHS determines the generating vector
z® and the Krylov subspace, and influences the residual tra-
jectory through the polynomial action. This implies that the
preconditioned residual encodes an RHS-induced, problem-
specific structure that significantly impacts convergence.

For the quantitative analysis, we assume that A is di-
agonalizable over C and admits the eigen-decomposition
given below (If A is not diagonalizable, the analysis can be
extended via the Jordan canonical form [6, 53, 62].):

unl, (28)

where ¢; and u; denote the eigenvalues and corresponding

A=UAU"', A=diag(c,, ....cx), U=[uy, ..

eigenvectors of A, respectively. The vector z(¥ can be ex-
panded in this eigenbasis as:

N
20=ve=) g, e=U"20=U""M"b-Ax?). (29)
i=1

Substituting this expansion into Eq. 26 yields:

N
le(;l\, z(o)) = span{Zp(A\)éiui :p€EPr_}

i=1

N
=span{ ) Ep(cu; 1 p € Py}, (30)
i=1

where & contains the RHS-driven spectral weights that deter-
mine the extent to which each eigenmode u; is represented
in the Krylov subspace and residual evolution. If &; = 0, the
contribution of the mode u; becomes negligible. Therefore,
the RHS enters the Krylov process via the weights &, poten-
tially imprinting physical structural characteristics onto the
resulting subspace [66, 67].

To quantify the effects of the RHS on the subspace, we
express K k(g, z©) as range(Z,,), where the Krylov matrix
Z, € CN*k admits the factorization:

Z, =20, 420, . A120) = Udiag(&)®, (M), 31)

where @, (A) is a Vandermonde-type matrix [6, 53]. Thus,
the dependence on the RHS is mediated entirely by ¢&,
following the mapping sequence b = & = Z; = K.
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To bound the subspace perturbation induced by a per-
turbation in the RHS, consider b — b + 6b, which yields:

620 = M~'sh, s6=U16z0 =U"'M""s5b. (32)

Consequently, the perturbed Z; (b + 6b) can be decom-
posed into the unperturbed matrix and a perturbation term:

Z,(b+6b) = Z,(b)+AZ,, AZ; = Udiag(6&)D,(A). (33)
Taking the spectral norm gives:

IAZ, N1y < U LI@ (M5l diag(38)I1
< NU 112 M1 N18E ]
<UL @M N M, 118b1,. (34)

Let di(b,6b) = || P.(b + 6b) — P.(b)|l, denote the
distance between the subspaces K;(A, 2O + 6b)) and
]Ck(;f, zO(b)), where P, () represents the corresponding

orthogonal projector. Standard subspace perturbation theory
yields the following bound [68, 69]:

, 1AZ ]l
k(b,6b) § —————=—=
Omin(Z (b))
Ul |®, (M|, U M~
B LAY CAGNITPY Il2 18bll2, (35)
O-min(Zk(b))

where o,,;,(Z,(b)) is the smallest singular value of Z,(b),
which depends on the spectral distribution of &. If & sup-
presses certain modes such that Z, becomes nearly rank-
deficient, o,,;,(Z; (b)) may decrease sharply, thereby degrad-
ing subspace conditioning and increasing sensitivity to RHS
perturbations.

From a convergence perspective, the weights & also elu-
cidate why different RHS instances may necessitate different
methods. The residual norm [|#*)||, can be bounded as:

170N, = | Mp (A2,

= [|MUp,(AEll,

S IMU MM - (36)

Since & = (MU)~ 1+ it follows that:
€l = 1)~ Ol < M) L IIFON,. (37)

Rearranging this inequality yields:

€112

1Oy > ——=—.
(MUY,

(38)

Combining these estimates provides the following bound
on the relative residual:

71l
IOl

Ik (M)l

< ||MU||2||U‘1M“||2W.
2

(39)

As p,(A) is diagonal, the bound reduces to a root-mean-
square expression incorporating RHS-induced weights:

N 172
101, a1 €12 )
<IIMU|IU" M|, —— (I -
[P ; TR
(40)

If the RHS concentrates &; on a small subset of eigenval-
ues ¢;, rapid convergence is facilitated because p, need only
be small at those heavily weighted points, thereby rendering
short-recurrence methods particularly suitable. Conversely,
if the RHS distributes &; broadly across the spectrum, p;
must attenuate components associated with numerous eigen-
values, which typically necessitates robust methods with
stronger orthogonalization capabilities [32, 67]. Accord-
ingly, method selection depends on the alignment between
the method-induced suppression profile of p, and the RHS-
induced weight distribution &;.

In summary, the RHS influences the Krylov subspace
and convergence behavior via the problem-specific weights &
embedded in the preconditioned residual, which quantify the
sensitivity of the sparse linear system. This framework es-
tablishes a mathematical foundation for incorporating RHS-
awareness into SPECTRA.

B. Pseudocode for matrix encoding

Algorithm 2 details the computational procedure for the
expanded-channel matrix encoding scheme.

C. Derivation of diagonal mask half-width d

The half-width d in Eq. 13 is a critical hyperparameter
governing the spatial extent of the mask, designed to ensure
complete capture of all features in the initial feature map
MF;, that originate from the diagonal of the input matrix
image. Due to the preceding CNNs, which consist of I’
blocks each containing a convolutional layer (kernel size 7,
stride 1) and a pooling layer (kernel size and stride ), the
feature of a single input diagonal element spreads out to
form a square region on MF;,, which we term the “projec-
tion field”. Consequently, the mask must be sized to fully
encompass all projection fields while remaining as compact
as possible to minimize the inclusion of confounding off-
diagonal information. Establishing a principled value for d
therefore necessitates formal analysis to determine the upper
bound of the projection field width, denoted F.

The exact width F, of the projection field in the Z-th
layer can be described by the following recurrence relation:

Fpoi—1 1 —
Pf= ’7( 2! )X +T“ =[Ff_1+T 1] (41)
0 0

However, the nonlinearity introduced by the ceiling
function [-] precludes a straightforward closed-form solu-
tion. To obtain an analytical approximation, we relax this
integer constraint by omitting the ceiling function, yielding
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Algorithm 2: Expanded-channel matrix encoding.

Require: Matrix A € RV*N  image resolution Q,
scale range [N ;> N axl-

Ensure : Five-channel matrix image 7 € R2X9%,

> Initialization

Initialize tensor 7 € REX2% « (;

Initialize grids C, S, € R2*C « 0;

Initialize grids P € R « -0,V € RYX9 o0

Compute block capacity y> « (N /Q)?;

> Numerical distribution preprocessing

Compute value range 6 < max(A) — min(A);

Define transform function

W(a) = {a —min(A) + 1,
log,(a — min(A) + 1),

9 > Block-wise feature aggregation

10 for each non-zero element a, , € A do

11 Map matrix indices (u, v) to image coordinates
(,J) « ([%2Q) + 1, [ 52 + 1);

12 Update block count C; ; < C; ; + 1;

13 Update block sum S; ; < S; ; + ¥(a,,,);

14 Update block maximum P; ; < max(P, ;,a,,);

® NN N R W N =

if 6 <255

. )
otherwise

15 Update block minimum V, ; < min(V, ;, a,,);

16 > Block average magnitude computation

17 fori < 1t0Q,j <« 1to Qdo

18 if C; ; > 0 then

19 L Compute average magnitude r; ; < S; ;/C; ;;

20 > Channel normalization and image generation

21 Define norm function R(x, X ;s Xpax) =
clip([(x = X,1)/ Cppax — Xmin) X 255],0,255);

22 fori <« 1t0Q,j « 1toQdo

23 > Blue channel: matrix scale

24 Compute Z; ;3 < R(N, Ny, N

min» max);
25 if C; ; > O then

26 > Red channel: average magnitude

27 Compute I; i< N(r;. j,min(r), max(r));
28 > Green channel: non-zero density

29 Compute 7, 5, < N(C; ;,0,7?);

30 > Peak channel: maximum magnitude

31 Compute I,-,j’4 « N(P[,j,min(P), max(P));
32 > Valley channel: minimum magnitude

33 B Compute 7, ; s < R(V,; ;, min(V), max(V));

34 return 7;

a linear recurrence relation that approximates the growth of
the projection field:
Ff—l + 17— 1

R ——
0

(42)

This linear recurrence can be unrolled to obtain a closed-
form expression for Fr:

Frro ' Froj+o0 (= 1)

R0 Fra+o0l(r—D+ol(x-1)

r

o Fy+ (=1 o™
i=1

(43)

Given that 7; = 1 and the summation term forms a finite
geometric series, the expression simplifies to:

-1 1-— -
T‘rzo_r+(r—1)—0 (-o )=o‘

r (t-1 (" -1)
1-o! '

of(e—-1
(44)

While this formula provides the theoretical projection
field width, determining the required d from it is nontrivial
due to potential positional drift introduced by the pooling
layer’s discrete coordinate mapping, output = |input/o|.
This drift can shift the projection field of a diagonal pixel
from the input image to become off-center relative to the
diagonal of MF;,, invalidating the simple assumption that
the required d is merely the field’s radius, d =~ Fr/2. Let
d’ denote the required distance from a pixel on the MF;,
diagonal to ensure coverage of the entire corresponding
projection field. In an ideal scenario with no center drift, the
field is centered, and the required distance is its radius, d’ ~
Fr/2. However, in the worst-case scenario, the cumulative
drift could position the MF;, diagonal near the edge of the
projection field, thus requiring a coverage distance equal to
the field’s full width, d’ ~ Fr. This establishes the bounds
for the required coverage distance:

Fr '
5> Sd STy (45)

To construct a mask that robustly captures the full feature
of the original image diagonal under all conditions, we adopt
a conservative strategy by ensuring that d is sufficient to
cover the maximum possible d’, resulting in d > [d] 1.
Meanwhile, to minimize the inclusion of confounding off-
diagonal information, we select the tightest possible value

for d by setting it equal to its lower bound, [d/ 1, yielding
the final formula:
—ry 1= |, =" =D
d=1[d . 1=1[Frl= [0 + W . (46)

This principled formulation yields the minimal integer
value for the mask half-width d that is required to guarantee
complete capture of all diagonal-related features originating
from the input matrix image, and by being the tightest
possible value, it inherently minimizes the inclusion of con-
founding off-diagonal information, thereby enhancing the
stability and reliability of diagonal token generation.

D. Stage-wise model description of SPECTRA

Table 4 provides a stage-wise description of the model
configurations for SPECTRA.
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Table 4

SPECTRA

Model descriptions for SPECTRA. Prefixes “M", “R", and “D" denote modules and data streams associated with the matrix, the

RHS, and the matrix diagonal, respectively. The over-bar notation

e

indicates the count of a specified item, such as channels,

tokens, or repeated modules. Convolutional layers are specified as “Conv (i, o, k, s, p)’, where i, o, k, s, and p represent input
channels, output channels, kernel size, stride, and padding, respectively. “Drop (x)" represents a dropout layer with a rate of x.

Stage Input Shape Module Configuration Output Shape
N XN M encoding 2D images encoding (R,G, B, P,V) ngxQ
Encoding —
I1xXN R encoding 1D images encoding (R,G, B, P,V) S5x1xQ
- Conv2d (i=5, 0=32, k=3, s=1, p=same) = ReLU = MaxPool — 0.0
CNN IXQXQ M CNNs Conv2d (i=32, 0=64, k=3, s=1, p=same) = ReLU = MaxPool 64xT X3
s
- Convld (i=5, 0=32, k=3, s=1, p=same) = ReLU = MaxPool — 0
Sx1xQ R CNNs Convid (i=32, 0=64, k=3, s=1, p=same) = ReLU = MaxPool 0+ X 1X 7
Axx? M tokenizer ~ Matrix attention MA-based grouping (4,, =64) 9_4>< 64
Tokenizer 474 D tokenizer = Mask (d=2) = Flatten = Linear (64 X % X % - 64) 1% 64
64 % 1% % R tokenizer =~ RHS attention RA-based grouping (1;=38) 8 x 64
LN = MHA (U =4, D,=16) = Residual connection
Query, Key, Value from Linear (64 — 64) X 3
MHA 4 Softmax (%) = Drop (0.05) = Aggregate Value
J— — h -
Transformer  64+1+8x64 Encoder x12 Concat Heads = Linear (64 — 64) = Drop (0.05) 64+1+8 x 64
LN = FFN = Residual connection
FFN Linear (64 — 256) = GELU = Drop (0.05)
Linear (256 — 64) = Drop (0.05)
. 64+1 %64 M projector ~ Matrix attention MA’-based projection = Residual connection  a4x2x<
Projector = . : — : . —4—4
8 X 64 R projector  RHS attention RA’-based projection = Residual connection 64 % 1X% %
: 02,9
Classification 64 X (%2+ %) MLP L%near (64 x (3 +7) — 128) = ReLU = Drop (0.5) K
Linear (128 — K)
E. Cost-effectiveness analysis calculated as follows:
To rigorously evaluate the cost-effectiveness of SPEC- BEP = Training Cost ~ 4h  _ 96000. (48)

TRA, we examine the trade-off between the one-time com-
putational cost of model training and the cumulative runtime
savings accrued during deployment.

We quantify the performance gain by defining the aver-
age time saved per system (AT ), calculated by comparing
the end-to-end execution times of SPECTRA and the engi-
neering heuristic HR on the fixed-RHS test dataset:

¢
AT = Z [(Té +Tg) —(Tp+ Ty +Tg)| = 0.155, (47)
i=1

<=

where ¢ represents the number of test samples, and T
and 7 denote the execution times for HR and SPECTRA,
respectively. Notably, to ensure robustness and consistency
with the metric defined in Eq. 22, any selected method that
fails to converge is assigned a penalty time equivalent to the
maximum convergence time for the corresponding system.
Given that the training phase requires fewer than four GPU
hours, the break-even point (BEP), defined as the number
of solved systems required to amortize the training cost, is

AT ~ 0.15s

Within the context of high-throughput scientific comput-
ing and the longevity of solver libraries, a BEP of 96000 rep-
resents a trivial workload to amortize the one-time training
cost. Furthermore, this estimate is conservative, as the test
dataset consists of relatively small-scale systems (10> < N <
10%). For larger real-world systems where N > 10%, AT
increases substantially, thereby shortening the amortization
period and validating the superior cost-efficiency of SPEC-
TRA as an intelligent decision system.

F. More ablation studies

To further dissect the individual contributions of each
channel within the encoding schemes, we systematically iso-
late and evaluate the effectiveness of the P and V' channels
for matrix encoding and all five channels (R, G, B, P,and V")
for RHS encoding. This analysis complements the primary
ablation studies detailed in Section 4.4, which demonstrated
the collective benefits of integrating these channels. For fair
comparison, all ablation variants in this section are evaluated
at an image resolution of Q = 64.
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SPECTRA

Table 5

Ablation study dissecting the individual and combined effects of the expanded P and V' channels for matrix encoding. Results
consistently demonstrate significant individual contributions from both the P and V' channels, with their synergistic combination

proving most effective and validating their complementary nature.

Model Channels ACC@1 ACC@5 Success Efficiency Speedup
RGB P 4 (%)t (%)t (%)t (%)t (=)t
Fixed-RHS
v 70.80 91.37 96.21 9.27 3.18
CNNs v (4 71.15 91.46 96.26 10.95 3.21
v v 71.02 91.52 96.24 10.11 3.20
v v v 71.34 91.52 96.30 11.15 3.22
v 73.33 91.92 96.78 15.20 3.48
v (4 74.01 92.18 97.05 16.88 3.58
CNNs + Transformer v v 73.85 92.11 96.97 16.42 3.55
v (4 v 74.44 92.33 97.21 17.77 3.62
v (4 v 77.72 92.79 97.70 25.44 4.01
v 77.24 92.68 97.63 24.18 3.95
SPECTRA v 77.08 92.66 97.58 23.53 3.93
v 76.76 92.41 97.40 21.52 3.88
Variable-RHS
v v v 78.23 96.72 97.99 39.10 6.97
v 77.81 96.25 97.91 36.57 6.51
SPECTRA v 77.95 96.43 97.94 37.48 6.60

v 77.12 95.53 97.80 33.83 6.34

F.1. Individual effect of expanded channels P and
V for matrix encoding

To isolate the distinct contributions of the P and V' chan-
nels, we examined their individual and combined impacts
on matrix encoding across both the fixed-RHS and variable-
RHS datasets. As detailed in Table 5, both channels individ-
ually enhance performance, while their combination consis-
tently yields the most significant gains on both datasets.

For instance, on the fixed-RHS dataset, augmenting the
standard RGB encoding of the CNN with only the P channel
improves ACC@] by 0.35% and Efficiency by 1.68% (row
1 vs. 2), while the V' channel alone provides boosts of
0.22% and 0.84%, respectively (row 1 vs. 3). This trend
also holds for the more powerful hybrid CNN-Transformer
backbone, confirming their robust utility across different
architectures. Crucially, their combined use outperforms
either single channel across both architectures. For the CNN,
employing both P and V' channels yields total improvements
0of 0.54% in ACC@] and 1.88% in Efficiency (row 1 vs. 4).

The indispensability of the P and V' channels is consis-
tently evident in the variable-RHS setting. When ablating
the complete SPECTRA model, removing the P channel
leads to a 0.42% drop in ACC@] and a 2.53% drop in
Efficiency (row 13 vs. 14), while removing the V' channel
corresponds to declines of 0.28% and 1.62%, respectively
(row 13 vs. 15). The removal of both channels results in
more substantial drops of 1.11% in ACC@] and 5.27% in
Efficiency (row 13 vs. 16), losses greater than the sum of
their individual impacts, confirming their synergistic effect
in this more complex scenario.

These results underscore that the P and V' channels
provide unique and complementary information about the
matrix’s numerical distribution, forming a comprehensive
numerical profile essential for faithful matrix encoding.

F.2. Individual impact of channels R, G, B, P and
V for RHS encoding

To precisely quantify the individual effects of the five
channels (R, G, B, P,and V') on RHS encoding, we analyzed
their individual and collective effectiveness exclusively on
the variable-RHS dataset, as its diverse RHS configura-
tions provide the necessary conditions for evaluation. As
detailed in Table 6, each channel individually provides a sub-
stantial performance improvement compared to the matrix-
only model, and the complete five-channel encoding scheme
achieves the highest performance.

For instance, starting from a matrix-only hybrid CNN-
Transformer model, the introduction of a single channel
yields significant improvements. Adding only the P channel
boosts ACC@1 by 10.02% and Efficiency by 14.5% (row
1 vs. 5), while the R channel yields similarly substantial
increases of 9.29% and 13.67%, respectively (row 1 vs. 2).
Crucially, employing all five channels together surpasses any
single-channel configuration, elevating ACC@/ by 12.06%
and Efficiency by 17.03% for the hybrid CNN-Transformer
model (row 1 vs. 7), confirming their collective benefit.

The importance of each channel is further clarified
through ablation studies on the complete SPECTRA model.
Removing the B channel results in minimal performance
drops of just 0.18% in ACC@] and 0.56% in Efficiency
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Table 6

Ablation study dissecting the individual and collective impacts of the R,G, B, P,V channels for RHS encoding. Results
demonstrate that all channels contribute positively to varying degrees, and their synergistic combination is key to best performance.

SPECTRA

Model Channels ACC@1 ACC@5 Success Efficiency Speedup
R G B P V| @ (%)1 (%)1 ()1 (x)1
Variable-RHS
62.86 76.56 95.00 11.21 4.48
v 72.15 93.12 96.35 24.88 5.61
v 70.53 93.53 96.01 22.14 5.33
CNNs + Transformer v 63.89 80.99 95.28 13.05 4.56
v 72.88 92.48 96.24 25.71 5.70
v 71.91 92.98 96.17 24.13 5.55
v v v v v 74.92 94.45 96.73 28.24 5.95
v v v v v 78.23 96.72 97.99 39.10 6.97
77.58 96.40 97.82 36.95 6.78
77.92 96.55 97.75 38.15 6.88
SPECTRA 78.05 96.63 97.94 38.54 6.92
77.35 96.18 97.89 36.21 6.72
77.71 96.31 97.85 37.44 6.81
64.31 84.15 95.32 15.82 4.81
(row 8 vs. 11), as its scale information is largely redundant  Data availability

with the matrix encoding, whereas removing the P channel
incurs the most substantial penalty, with drops of 0.88%
and 2.89%, respectively (row 8 vs. 12). Making SPECTRA
entirely RHS-agnostic by removing all five channels leads to
the most drastic degradation, with ACC@ ] plummeting by
13.92% and Efficiency by 23.28% (row 8 vs. 14), a loss far
exceeding that of any individual channel and highlighting
their synergistic necessity.

These results underscore that each R, G, B, P, and V'
channel is paramount for multi-faceted RHS representation
despite their varied contributions, and that their synergistic
combination is essential for comprehensive RHS encoding.
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